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We investigate the effect of disorder on a gapped crystalline system by introducing a class of local
quantities for an energy band, which is referred as to band correlation function (BCF) and is the
sum of correlation functions for all eigenstates of the band. We show that the BCFs are robust in
the presence of disorder if the band gap is not collapse. The eigenstate set of an energy band can be
almost completely mapped onto the perturbated eigenstate set, referred as to quasi-closed mapping,
when it is sufficiently isolated from other bands. Some features relate to translational symmetry
may emerge in a randomly perturbed system. We demonstrate this by simulating numerically the
pumping process for a 1D Rice-Mele (RM) model with disorders on the hopping strength and on-
site potential. It is shown that the quantized pumping charge is robust against with the dynamic
disorder. This result indicates the possibility of measuring the topological invariant in experimental
system with imperfection.
I. INTRODUCTION
The notions of topology have been invoked in con-
densed matter physics and material sciences since the
connection of integer quantum Hall conductances with
topological Chern invariants was discovered1. Topologi-
cal theory has been well established in condensed mat-
ter physics2–28. So far, the topological feature in mat-
ter is mainly described by topological invariant, Chern
number, which greatly expands our knowledge on state
of matters. It has explicit definition for crystalline sys-
tem, in which the momentum is a crucial quantity, and
thus the translational symmetry is necessary. On the
other hand, it is usually claimed that the topological
property is robust against disorder perturbations. This
can be manifested in a rigorous manner by the existence
of edge states of the system immune in the presence
of disorder. The robustness of topological edge states
has been actively explored in a wide variety of quan-
tum Hall systems, topological insulators, and topological
superconductors12,15. A natural question thus arises as
to whether the topological feature is insensitive to disor-
der in an approximate manner. It is a different and less
explored subject but has potential applications in real-
istic systems. For instance, a Hall conductivity, that is
related to the first Chern number for perfect topological
system, appears as approximate integer in the presence of
imperfection. Recently, some pertinent theoretical effort
has been devoted to the topological phases in noncrys-
talline lattices29–31.
In this work, we study the influence of disorder per-
turbation on the topological properties of a crystalline
system. We show that there exist global quantities which
remain unchanged under the disorder perturbation if
the energy gap is not collapsed. It provides a unified
framework to discuss topological invariant for disorder-
perturbed system, such as Rice-Mele (RM) model with
random distribution of hopping strength and on-site po-
tential. We focus on a similar concept with Hall conduc-
tance in 2D topological system, the Thouless pumping
charge32,33. It is a local quantity, which can be mea-
sured without the need of translational symmetry. To
demonstrate this point, we study a quasi-adiabatic pro-
cess by numerical simulation. We implement the dynamic
disorder by discretized time evolution under a sequence
of Hamiltonians based on a set of time-dependent ran-
dom numbers. Both the analytical analysis and numer-
ical simulation show that pumping charge, as a measur-
able Chern number, is robust against the disorder. Our
work provides a way of extracting topological invariant
from an imperfect system.
This paper is organized as follows. In section II, we
present the concept of quasi-closed mapping and the re-
lated application. In section III, we investigate the con-
nection between the crystalline and noncrystalline RM
models analytically and numerically. In section IV, we
present the numerical results about the pumping charge
in the presence of disorder. Section V summarizes the
results and explores its implications.
II. ROBUSTNESS OF BAND CORRELATION
FUNCTION
The concept of energy band originates from the pe-
riodic potentials is always associated with translational
symmetry. However, a slight disorder perturbation may
hybridize the energy levels but cannot destroy the density
of states and collapse the energy gap. In this section, we
investigate what remains of the energy band in the pres-
ence of disorder. We consider a generic Hamiltonian
H =
N∑
i,j=1
γijc
†
i cj + H.c., (1)
which describes fermions hop from one site to another
with amplitude γij , and the on-site energy γii. Here c
†
i
denotes fermion operator. We start with the case with
H = H0 +H
′, (2)
where H0 has translational symmetry. For simplicity,
we assume that there are two energy bands, with the
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2single-particle eigenstate set {|ψσk 〉} with σ = ± and
k ∈ [1, N/2]. Here k labels the energy levels with wave
vector (kx, ky, kz) if a 3D system is considered. Obviously
we have 〈ψ+k
∣∣ψ−k′〉 = 0. When a small randomly pertur-
bation H ′ is induced, the eigenstates set becomes {|φσn〉}
with σ = ± and n ∈ [1, N/2]. For sufficient small pertur-
bation, we always have 〈ψσk |φ−σn 〉 ≈ 0,which is simple but
crucial to this work. In a disordered system, {γij} be-
comes a set of random numbers around the
{
γ0ij
}
of H0.
In the large limit of disorder, the energy gap collapses
and 〈ψσk |φ−σn 〉 cannot be neglected. Fig. 1 schematically
illustrates this point.
In the case that the perturbation does not collapse the
original energy band, state |φσn〉 is only the superposition
of the sub-set {|ψσk 〉} approximately. In the following we
focus on a single band and neglect the band index σ.
For an arbitrary operator O, the matrix representation
with {|ψk〉} is a 〈ψk| O |ψk′〉. For a perturbed system,
the matrix representation of O changes but leaves the
trace of the matrix unchanged approximately. Actually,
the quasi-closed mapping admits
|φn〉 =
∑
k
ckn |ψk〉 , (3)
where ckn = 〈ψk |φn〉, satisfying
∑
k c
k
n′
(
ckn
)∗
= δnn′ and∑
n c
k
n
(
ck
′
n
)∗
= δkk′ . Then we have
∑
n
〈φn| O |φn〉 =
∑
k
〈ψk| O |ψk〉 . (4)
In physics, we are interested in the quantity
Ci,j =
∑
n
〈φn| c†i cj |φn〉 , (5)
which is termed as band correlation function (BCF) and
has evident physical significance. For example, Cj,j re-
lates to particle density at j site. We know that Cj,j
for H0 is identical when j belongs to a sublattice due to
the translational symmetry, but it is a little surprisingly
that this feature still holds when a slight randomly per-
turbation is added although the translational symmetry
is broken. On the other hand, a BCF characterizes the
feature of the band, probably involving the topology of
the band.
III. DISORDERED RM MODEL
As an example, we consider a RM model with a
time-dependent random perturbation on a 2N -site lat-
tice. It provides a natural platform for studying topo-
logical invariant directly through dynamics both in
theoretical34–36 and experimental37 perspectives. The
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FIG. 1. (Color online) Schematic illustration of the concept of
quasi-closed mappings. (a) Schematics of lattice systems with
different imperfections: regular lattice with translational sym-
metry, noncrystalline lattices arising from slight and strong
random parameters. (b) The corresponding spectra and the
implication of perfect invariant sub-space (left) and quasi-
closed mapping (middle). Slight disorder may destroy the
degeneracy in the left spectrum but maintains structure of
spectrum approximately, while in the right spectrum, strong
disorder hybridizes the energy levels between upper and lower
bands of the original system.
Hamiltonian is
H(t) = −
2N∑
j=1
[1 + (−1)jδj(t)]c†jcj+1 + H.c.
+
2N∑
j=1
(−1)jVj(t)c†jcj , (6)
where particle operator obeys periodic boundary condi-
tion c2N+1 = c1. Parameters {δj(t)} and {Vj(t)} are two
sets of time- and position-dependent numbers. In the fol-
lowing, we first establish the relation between the topo-
logical quantities, Zak phase and pumping charge, and
the correlation functions. Subsequently, we investigate
the influence of disorder perturbation on the correspond-
ing correlation functions numerically.
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FIG. 2. (Color online) Numerical simulations for RM models with different strength of random parameters (−b, b). (a1-a3)
Plots of the hopping constant and on-site potential distributions along the chain for three typical random strengths. (b1-b3)
Plots of the corresponding BCFs. The system parameters are N = 50, V = 0.5, and δ = 0.5. The small random b = 0.05 almost
does not affect the uniform distribution of four types of BCFs. Surprisingly, as b increases to 0.2, the induced fluctuations in
(b3) are not so much in comparison with that in (a3).
A. Regular RM model
In the absence of the disorder, the Hamiltonian be-
comes H0(t) by taking δj = δ(t) and Vj = V (t). Before
proceeding, we briefly recall the solution of H0, which
reads
H0 = −
2N∑
j=1
[1 + (−1)jδ]c†jcj+1 + H.c.+ V
2N∑
j=1
(−1)jc†jcj .
(7)
It can be obtained by introducing linear transformation
αk = N
−1/2 N∑
j=1
e−ikj(eiφ sin θ2c2j−1 − cos θ2c2j)
βk = N
−1/2 N∑
j=1
e−ikj(eiφ cos θ2c2j−1 + sin
θ
2c2j)
,
(8)
where the k-dependent parameters are defined by
tanφ =
(1 + δ) sin k
(1− δ) + (1 + δ) cos k , tan θ =
|γk|
−V . (9)
Based on this, we have the diagonal form of the Hamil-
tonian
H0 =
∑
k
εk(α
†
kαk − β†kβk), (10)
where the spectrum
εk =
√
V 2 + |γk|2, (11)
with γk = (1 − δ) + (1 + δ)eik and the momentum k =
2npi/N, n = 1, 2, ..., N . The single-particle eigenvectors
are |ψ+k 〉 = α†k|0〉 and |ψ−k 〉 = β†k|0〉. In the following, we
focus on the lower band by taking |ψk〉 = |ψ−k 〉, the result
for upper band can be obtained directly.
The Zak phase as a related topological quantity can be
expressed as
Z = i
2pi
∫ pi
−pi
〈ψk| ∂k|ψk〉dk = Zad + Zcom, (12)
where Zad attributes to adiabatic current and Zcom arises
from the center of mass. Here we would like to express
them in term of the correlation functions
Zad = N
2pi
∫
〈ψk| c†2j−1c2j−1|ψk〉dφ−
iN
4pi
×∫
〈ψk| (e−iφc†2j−1c2j − ei(φ−k)c†2jc2j+1)|ψk〉dθ, (13)
and
Zcom = Mc =
N∑
j=1
jmj , (14)
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FIG. 3. (Color online) Plot of Mc (left panels) defined in
Eq. (22) for disordered RM model with a sequence of random
number indicated by measurement index. The simulation is
performed for different random strengths with b = 0 (empty
blue circle), b = 0.05 (solid red circle) and b = 0.2 (empty
black square). The average ofMc (right panels) over 50 times
measurement shows that the robustness of the center of mass
for relatively large b value. The length of the ring (a) N = 8,
(b) N = 50 and the parameters are V = 0.5, δ = 0.5. Note
that (a) and (b) are plotted in different scales, indicating that
the fluctuation ofMc decreases as N increases. In both cases,
the average of Mc are very close to that of zero b.
where the weight at jth site
mj =
1
2Npi
∫ pi
−pi
〈ψk| (c†2j−1c2j−1 + c†2jc2j)|ψk〉dk. (15)
It indicates that the correlations 〈ψk| c†jcj |ψk〉 and
〈ψk| c†jcj+1|ψk〉 have intimate connection with the Zak
phase Z.
Based on the the relations
〈ψk| c†2j−1c2j−1|ψk〉 = N−1 cos2( θ2 )
〈ψk| c†2jc2j |ψk〉 = N−1 sin2( θ2 )
〈ψk| c†2j−1c2j |ψk〉 = 12N−1 sin θeiφ
〈ψk| c†2jc2j+1|ψk〉 = 12N−1 sin θei(k−φ)
, (16)
we obtain the compact expressions
Zad = 1
2pi
∫
φ
cos2(
θ
2
)dφ (17)
and
Zcom = (N + 1)/(2N). (18)
The constancy of Z allows
dZ = − 1
2pi
∫
φ
Ωθφdφdθ = Jdt, (19)
where Ωθφ =
1
2 sin θ is Berry curvature and
J =
i
2pi
∫ pi
−pi
[(∂t〈ψk|)∂k|ψk〉 − (∂k〈ψk|)∂t|ψk〉]dk (20)
is current across two neighboring sites. For a loop with
δ(t+ T ) = δ(t), V (t+ T ) = V (t) (21)
around the point δc = Vc = 0, the pumping charge
Q =
∫ T
0
Jdt = ±1 as a demonstration of Chern num-
ber. It is presumably that as a local quantity, Q should
not change drastically in the presence of perturbation and
takes the value around the original integral. This may be
in accordance with the robustness of BCFs, which will be
investigated numerically in the following section.
B. Disorder perturbation
In the presence of disorder, the definition of Zak phase
is undefined due to the translational symmetry breaking.
However, the concept of pumping charge is independent
of the translational symmetry. It turns out that one of
two ingredients of the pumping charge is the center of
mass, which may not be a constant in the presence of
disorder perturbation. In this section, we investigate the
influence of disorder on the center of mass. In general,
the center of mass for a energy band is defined as
Mc = N−2
N∑
n,j=1
j 〈φn| (c†2j−1c2j−1 + c†2jc2j)|φn〉, (22)
where {|φn〉} is the eigenstate of H in Eq. (6). When
the perturbation switches on, i.e., δj 6= δ and Vj 6= V ,
the translational symmetry is broken. However, ac-
cording to our analysis in section II, the BCFs Ci,j =∑
n 〈φn| c†i cj |φn〉 are still robust if the band gap does
not collapse and we can have a conclusion with
N∑
n
〈φn| (c†2j−1c2j−1 + c†2jc2j)|φn〉
≈
∑
k
〈ψk| (c†2j−1c2j−1 + c†2jc2j)|ψk〉 = 1. (23)
Then Mc is approximately a constant in the presence of
disorder. To demonstrate this point and find the extent
to which the deviation of Ci,j is negligible, we numerically
compute Ci,i and Ci,i+1 for disorder RM model, in which
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FIG. 4. (Color online) Plots of {δj(tl), Vj(tl)} in V -δ plane from Eq. (27) with (a) b = 0, (b) b = 0.05, and (c) b = 0.2. Here we
take δ0 = V0 = 0, R = 1, M = 16 and N = 8. The corresponding discretized time is tl = 2pi(l + 1)/(16ω) with l = 0, 1, ..., 15.
{δj} and {Vj} are two sets of random numbers around δ
and V , respectively. Actually, Ci,i and Ci,i+1 are immune
to the random perturbation no matter {δj} and {Vj} are
real or imaginary. For clarity, we only consider the real
random numbers in later discussions.
Numerical simulation is performed by taking two sets
of random numbers {δj} and {Vj} around δ and V . The
random number parameter can be taken as
δj = δ + ran(−b, b), Vj = V + ran(−b, b), (24)
where ran(−b, b) denotes a uniform random number
within (−b, b). In Fig. 2, we plot the results with several
typical values of b. We find that Ci,i and Ci,i+1 are still
immune to the random perturbation for relatively large
b value. This will result in the robustness of Mc against
the disorder. To estimate the effect of disorder, the fluc-
tuation of Mc, we plot the center of mass with several
typical values of b in Fig. 3. It shows that the fluctu-
ation of Mc is within 0.1% for large size system. The
result indicates that although the translational symme-
try is broken, the center of mass is still time-independent
approximately, contributing much less to the current or
pumping charge. It is expected that the pumping charge
can still take the role of topological invariant.
IV. ROBUSTNESS OF PUMPING CHARGE
In this section, we focus on the Thouless quantum
pump in the disorder system. Inspired by the above
analysis, we expect that there exists residual topologi-
cal feature in the disordered RM model, which may be
unveiled by the pumping charge. Numerical simulation
is performed by taking
δj(t) = δ0 +R cos(ωt) + ran(−b, b)t,
Vj(t) = V0 +R sin(ωt) + ran(−b, b)t, (25)
where the subscript index t indicates the random number
is time dependent. The computation is performed by us-
ing a uniform mesh in the time discretization. The time
evolution is a little different from the previous works,
where parameters vary smoothly in time. This is imple-
mented by discretizing the time t into ti, with t0 = 0 and
tM = T . For a given initial eigenstate |φn (0)〉, the time
evolved state is computed by
|φn (tl)〉 =
M∏
l=1
exp[(−iH (tl−1) (tl − tl−1)] |φn(0)〉 , (26)
where each H (tl) corresponds to a set of random number
ran(−b, b). In this work, the parameters for H (tl) is
taken in the form
δj(tl) = δ0 +R cos(ωtl) + ran(−b, b)l,
Vj(tl) = V0 +R sin(ωtl) + ran(−b, b)l, (27)
with l ∈ [0,M − 1]. In Fig. 4, we illustrate this scheme
by plotting {δj(tl), Vj(tl)} with several typical b but a
small M and N . In the simulation, the number of M
is taken to be sufficient large in order to get convergent
result. The total pumping charge passing the site j at-
tributed from all channels of lower energy band during
the time evolution period T , can be expressed as
Q =
N∑
n=1
∫ T
0
〈φn(t)|Jj |φn(t)〉dt
≈
N∑
n=1
M∑
l=1
〈φn (tl) |Jj |φn (tl)〉 (tl − tl−1), (28)
which is independent of j for an adiabatic circle. Here
the current operator is
Jj = 1
i
{
(1− δj)|j〉〈j + 1| −H.c.,(j = 2m− 1)
(1 + δj)|j〉〈j + 1| −H.c.,(j = 2m) , (29)
where m = 1, 2, ..., N . Fig. 5 and Fig. 6 plot the sim-
ulations of particle current and the corresponding total
probability for several typical cases, in order to see to
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FIG. 5. (Color online) Numerical simulations of time evolution driven by the time-dependent Hamiltonian with parameters
in Eq. (27). Plots of the instantaneous spectra (a1-c1) local current (a2-c2) and charge accumulation (a3-c3) as function of
evolution time for several typical random strengths b. The parameters are taken as (δ0, V0) = (0, 2), R = 1, N = 8, ω = 6×10−5,
and M = 5× 104. We note that the loop of time evolution does not enclose the degeneracy point (0, 0). The obtained pumping
charges are very close zero, even for b = 0.2, indicating the robustness of the pumping charge.
what extent the pumping charge can be regarded as an
quasi topological invariant. Fig. 7 plots the pumping
charges for different loops and random strengths. It in-
dicates that weak disorder cannot affect the quantization
of the pumping charge, and in the case with strong dis-
order, pumping charge can still identify the transition
point approximately. As the size of the system increases,
the influence of disorder becomes weak. It shows that
the pumping charge is a reliable quantity to measure the
topological invariant in experiment. Our finding indi-
cates that the topological feature may also emerge in a
noncrystalline system in an approximate manner.
V. SUMMARY
In summary, we have analyzed the insensitivity of a
topological invariant to a disorder perturbation. In gen-
eral, we find that there are a kinds of quantities, such as
BCFs, which are robust against the disorder. The under-
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FIG. 6. (Color online) The same as Fig. 5 but for (δ0, V0) = (0, 0). The loop of time evolution encloses the degeneracy point
(0, 0). The obtained pumping charges is very close to 1 for b = 0.05, indicating the robustness of the pumping charge. In the
case with b = 0.2, the pumping charge is close to 1 with 5% deviation.
lying mechanism is that the weak disorder cannot destroy
the energy band structure although it breaks the trans-
lational symmetry. This manifests that a noncrystalline
system may be topologically nontrivial in an approxi-
mate manner, since an approximate topological invari-
ant can be retrieved. We have demonstrated this point
by a time-dependent disordered RM model. We com-
puted the dynamical topological invariant by accumulat-
ing the measurable local current without the requirement
of translational symmetry. The results indicate that (i)
weak disorder almost has no effect on the integer of Chern
number; (ii) as disorder increases, the quasi Chern num-
ber deviates from integer, but is still evidently to charac-
terize the phase transition. Our finding provides a way
of extracting topological invariant from imperfect system
and predicts the existence of quasi topological phase.
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FIG. 7. (Color online) Plots of the pumping charge as function of the position (δ0, V0) = (0, V0), obtained by numerical
simulations as the same in Fig. 5 and Fig. 6 for systems with (a1-a3) N = 8, (b1-b3) N = 50. It indicates that Q experiences
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